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Introduction:-

When the ordinary inverse of a square matrix cannot be used for the solution of the linear equations, we can use the
g-inverse and M-P g-inverse of the singular or rectangular matrices for the solutions of the systems of linear
equations.

Theorem 1. A necessary and sufficient condition for the equation A'B" =C to have a solution is
A" (ACB)B" = C in which case the general solution is

X =Y—-AAYB'B +ACB , whereY isarbitrary.

Proof. C=A"XB" = A"AA"XB'BB"=A"ACBB" €))
Since A"XB" =C.
Conversely, if (1) holds, then X = ACBiis a particular solution of A"XB" =C
Now any expression of the form X =Y — AA"YB"B satisfies A"XB"* = 0 beacause
A'[Y — AA'YB'B]B" = A'YB"-A"AA'YB'BB"

= A'YB" — A'YB"

=0.
The general solution of a non-homogeneous equation A"XB"™ =C is equal to the general solution
of A*Y B * =0+ aparticular solution of A*X B * = C. Hence the general solution of A"XB" = C is given by
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X =Y — AAYB"B+ ACB where Y is arbitrary.

Theorem 2. If P = {B} and P = [X Y] then AX = | and B*X =0 have a unique common solution given by

X=1-BB")(A-ABB")" .

Proof. AX =A(l — BB")(A— ABB")"
= (A—ABB*)(A— ABB*)"
=1
B*X =B*(l1 -BB*)(A—ABB*)"
= (B*—B*BB*)(A—ABB*)"

= (B*—B")(A— ABB*)"
=0.

Z
Theorem 3. If Q = [C D] and Q '= [T} then ZC =l and ZD" =0have a unique common solution given by
Z=(C-D'DC)'(I-D'D).

Proof. ZC=(C-D*DC)(I-D*'D)
=(C-D*DC)(C-D*DC)
=

ZD* =(C-D'DC)Y(I-D*D)D*
=(C-D*DC)(D*-D*D D"
=(C-D*DC)(D*-D"
=0.

A
Theorem 4. 1f AX =1 and BX =0then S(A— XB) is hermitian iff X = AB " where P 2[8} and
Pl =[ST].

Proof. First suppose that S(A— XB) is hermitian, then
S(A-XB)=[S(A-XB)]'= (A-XB)'S "~
A(S(A-XB))B " = A(A—XB)'S*B" = A(A— XB)"(BS)".

B A AS AT 1 0
Now PP 1= [S T ] = =
[B} {BS BT:| {0 J

- AS=BT =1 and AT =BS =0, so, (BS)" =0.

@

Thus (2) gives A(S(A-XB))B"=0
or, AS(A—XB))B" = 0
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I(A— XB)B® = 0
or, (A-XB)B* =0
or, AB* — XBB~* 0
or, XBB = AB ".

Let BB* be non-singular, then ((BB*) ™ exists and

X =AB"(BB")'=AB"=AB " since B"(BB") '=B"
Conversely,

if X = AB"then S(A— XB) is hermitian.

Because S(A—XB) = S(A—AB "B)and AS = | and BS = 0 have a unique common
solution given by

S=(1-B*B)(A-AB*B)"
S(A—XB) = (I —B*B)(A— AB*B)* (A— AB*B)
[S(A—XB)]" = [(1-B*B)(A—AB'B)" (A—AB*B)J
= [(A- AB*B)"[(A- AB'B)']' (1 -B*B)"
= [(A—AB*B)"(A—AB*B)]' (1-B*B)

since (1 — B " B) is hermitian
=(A—-AB"B)" (A—AB"B) (I-B"B).

Theorem 5. If ZC = | and ZD =0 then (C — DZ)L is hermitian iff Z = D* C where Q = [C D] and
Q= -
=y |

Proof. First suppose that (C — DZ)L is hermitian then
(C -DZ)L =[(C-DZ)L}T = L'(C - DZ)’

D*((C - DZ)L)C = D'L’(C - DZ)"C = (LD)’(C - DZ)"C.

®)
L LC LD [1 0
N Q= CD|= =
o QQ [M}[ ] {MC MD} {o 1}
~LC=MD=1 and LD=MC =0. So, (LD)*=0

Thus (3) gives
or,

D*((C - DZ)L)C =0
D*(C -DZ)LC =0
D*(C-DZ)I =0

or,
or,

D'(C-D2)=0
or, D'C-D'DZ =0
or, D'DZ =DC.
Let,

D*D be non-singular then ( D*D) " exists and
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Z=(D'D)"'D’C=D"C since (D'D)"'D*=D"
Conversely, if Z=D"C then (C — DZ)L is hermitian.

Because (C-DZ)L=(C-DD'C)L and
LC =1 and LD =0 have a unique common solution given by
L=(C-DD'C)" (I - DD")
.. (C-DZ)L=(C-DD'C)(C-DD'C)"(I1 - DD").

Also
[(C-DZ)L] =[(C-DD'C)(C-DD'C) (I - DD
=[(I -DD")'[(C-DD'C)'](C-DD'C)"
since (1 — DD") is hermitian.
=[(I -DD")(C-DD'C)"(C-DD'C)".

Theorem 6. Consistent equations AX = Y have a solution X= A"y iff AA"A=A
Proof. If AX=Y are consistent and have X= A"y as a solution, write @; for the i-th column of A and
consider the equations AX = &, They have a solution, the null vector with its i-th element set equal to unity.

Therefore, the equations AX = @; are consistent.

Furthermore, since consistent equations AX = Y have a solution X= A" Y, it follows that consistent equations

AX = a have a solution X = A a;and this is true for all values of i, i.e , for all columns of A. Hence
AA"A=A

Conversely, if AA"A= A, then AA"AX = Axand when AX =Y thisgives AA'y =Y,
ie A(Ay) =Y.

Hence X = A"V is asolution of AX =y and the theorem is proved.

Theorem 7. If A has ( columns and if A~ is a generalized inverse of A, then the consistent equations

AX =y have the solution X = A"y + (A A—1)z,, where z is an arbitrary vector of order (.
Proof. We know

Ax = AAY+(AA A—A)z
= AA7Y, since AAA=A
=y ;since AAy=y

i.e. X satisfies AX =Yy and hence is solution.

Example. We have to find a particular solution and also the general solution of the following system of linear
equations by using generalized inverse:
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2X; +3X, + X; +3x, =14
X, + X, + X3 +2X, =6
3X, +5X, + X; +4x, =22.

Solution. The given system of linear equations can be written in matrix-form as

2 31 3\ (14
111 2||X2|=| 6
3 51 4)|xs| |22
X4
(4)
Let
2 31 3 X1 14
A={1 1 1 2| x=|*2|and y=| 6
3 51 4 X3 22
Xa
The system (4) can be written as
Ax=y. (5)

First, we will find out the generalized inverse of A for which we need the rank of A . Reduce the matrix A to
row —echelon form by the elementary row operations.

2 313
A:{l 112
3 514
1112
~[2 31 3]
3 514
11 1 2
~101 -1 -1
0 2 -2 -2
11 1 2
~01 -1 -1
00 0 O

This matrix is in row echelon form and has two non-zero rows. So, rank of A is 2. Now let us partition the matrix
A in the following way:
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2 3|1 3
A= |1 1|1 2
3 5|1 4

2 3
:[ A Alz} where A, = (1 1]
Az A

Since, |A11| = 23 =2-3=-1#0
11

A&lfl exists and A&[l: b3 .
1 -2

Hence a g-inverse of A is

-1 3
1 -2 0
A =
0 0 O
0 0 O
Thus a particular solution of the system is
-1 3 0 4
Xa 14
o xa| T 20l 2]
0 O 0
X3 22
0 0 O 0
X4

X =4,%=2,%=0x,=0.

Now we will find out the general solution of the given system.

When A has q columns and A isa generalized inverse of A, then the consistent system AX =Y have

solutions x =AY + (A" A— 1)z, where z is any arbitrary vector of order g.
-1 3 0
1 -2 0
0 of
0 0 O

AA-I =

w DN
g B W

1
1
1

A N W
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00 2 3
_ 0 0 -1 -1
100 -1 0
00 0 -1
Therefore, the general solution of the linear system is
Xx=Ay+(AA-1)z
4) (0 0 2 3|z (4) | 225+324
:2+O 0 -1 -1 22:2+ —7a—74
0 0 0 -1 0 0
Z3 —173
0 00 0 -1 0
Za —74
X1 4+223+324
or, X2|_| 2-23—-14
X3 —73
Xa —274
X, =4+4+22,+3z,
X, =2-12,-1, for any values of z; and Z,.
Xy = —Z,
X, =—12,
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