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Introduction:-
Stancu [4] introduced an operator, known as Stancu operator,defined by
n—Er g .
k+gr
(S f)@) =Y Pu-sr(®) Y [peg(@)f (1) | (1.1)

Where

Pai(T) = (z) o—

here r and s are non-negative integer parameters satisfying the condition :2sr < n. For r = 0 or s = 0, Stancu
operator is the Bernstein operator.Also when s=r=1, Stancu operators become the well known Bernstein
operators.

Fore;(t) = ¢/,j=0,1,2,

(Sneo)(z) =1
(Sner)(z) ==z
sr(r—1)\z(l -z
(Snea)(x)  =a? 4 (14 D)0 _T)
n n
M.A.Siddiqui et. al.[3] introduced in 2014, the class of new Bernstein type operators as
n
. k
Vilfia) = kz_%pn.k(m)f(n ) (1:2)
where f € C [OL] and
n+1
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Pnk(T) = (IZ")H(Z)‘”"(nil _x)n—k (1)

These operators were defined on mobile interval.

Now using the technique used in Stancu operators we propose the operator,
n—sr

(S21)(@) = 3 - srkx)Z[p“( )£ (0] (14)

n+1

where f € C [0, E] r and s are parameters which are non negative and satisfy the condition : 2sr < n
and pp«(x) is given by (1.3) . Forr = 0ors = 0 or s =r = 1 operators (1.4) reduce to operators (1.2).

AUXILIARY RESULTS:-

In this section we give some lemmas which will be used further in section 3 and 4.

Lemma2.1. For each f € C [Oﬁ] neN and non-negative integers r, s satisfying the condition: 2sr < n we
have,

(0)Sh(eos ) =1
(i1)Sp(er; @) = @

(1i1)S* (eg; ) = 2 + {1 + ST(T —1) ] (nJr 3 :1:)

(iv)S*(es; ) = 2 [( 1)( 2) 4 287‘(:13— 1 33::*(;— 1)} 4 342 {%

sr(r — 1) sr(r? — 1)] x [1 sr(r? — 1)}

nn+1) n2(n+1) (n+1)2 n

g 3
e $4[(n 1)(nn3 2)(n—3) n 3(37‘(24 1) 687‘(’;4 1) 637‘(1:2 1)

8sr(r? —1) a[(n—1)(n—-2) (sr(r—1))2 2sr(r®-1)

+ n3 ] b [ n2(n+1)  n3(n+1) n3(n+1)
sr(r—1) 2sr(r—1) 2sr(r2—-1) o[ T(n—1)  3(sr(r —1))2
nn+1) n2(n+1) n2(n+1) ] [n(n +1)2  n?(n+1)2

B 7sr(r® —1) 6sr(r—1) 4sr(r?— 1)] [ 1 % sr(rd — 1)]
n?(n+1)2  nn+1)2 nn+1)?2 (n+1)2  n(n+1)3

where g; ()=t!, j=0, 1, 2, 3, 4.

Proof. From (1.3) we get,
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k
- Psk (n+1): (1+n)() (n+1 E)S_k(nil)
:( _;n) Z(k I}SIs k)! k(n+l E) _k(n—ll—l)
1 —1—
:(n+1)(l_;: ) g{k}!((s—ll};k}!mk(nJrl_m) -

s—1 4
:(n+1}(1_;: )Z( kl)mk(n+1_m) N

k=0
1 8 5—1
B (:fl)( —;n) (nil)
== (2.2)
and "
> ru@ () =X (50 ()2 G ) Cary)
- (n-il)Q lzn)s[s(s_1)12(n21)8_2+”(n%1)8_1]
. 1)2—2 s n(ns‘: 5 (2.3)
St =5 (120 (o ) ()
:k:()(l:n)é*(z) ( ) (3 l;l+11):k)
=(ni1)3(lzn) [S(s (s - 213(,14.1)
+3s(s—1):r (n.il) (n-rll-l) _]
3
=s(s—1)(s_2)%+3§$n:)l) +n(n3j: 7 (2.4)
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> pnato() =3 () () (g o) ()
3 () (1) - ) ““’1;331 )
z ““(z) ( v )
- o (”")S[ss—l -9 ()"

+6s(s—1)(s—2)x (n+1) + 7s(s — 1)x? (n+1) o

n s—1
+sx( ) ]
n+1

—s(s—1)(s —2)(s — 3)-"'_4 L Gs(s—1)(s— 223 Ts(s — 1)z

n4 n3(n+1) n?(n+1)2
ST 95
Lk n(n+1)3 %
We have from (1.4),
n—sr 8 k + jr
)= Y posri(@) Y [pos@)f (75 )]
k=0 j=0
Using (2.1), (2.2), (2.3), (2.4), (2.5) we compute,
n—asr
Sh(e0; ) Z Prsrk(2) Z [pss(2)] =1
=0
n—sr k+]7‘
ell' an srk(T Zpsj (Tl+1)
n—sr 8 ]
5 s () + St ()
=(n-— sr) - r2
n
= (2.6)

n—sr

8 P
S‘ (e2; ) Z Pn— srk zps.j(r)(l;-:_]lr)2
Jj=0
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n—sr n—&r

—an s'rk{ (—) +2rzpn s'rk{ ( ilj[ip&j(x)(n
j=0
T Zp”{ (n—l—l)

2
=(n—sr)(n—sr— l}n_2 + (n —sr)

1)

n(ni 1) A [(n ST} } Ef]

2

+ 72 [s(s — 1)% + —n(:j- 1)]
=22+ [1+ Sr(rﬂf 1)]%(71:1 —:n) (2.7)
Similarly, o .
" (eg; ) = an orke( $}ZP s, ( (;;14_;_}:)3
—angk( }( +1) +3T2Pns~k( }(n+1) [EP J(-’ﬂ)( )]
+ar’ kZ:O pns®@)( ) [gm (1) 1+ FZDPBJ @)
B xs[(n —1)(n—2) n 2sr(r? — 1) _3sr(r—1) 2{ (n—1)  sr(r—1)
N n2 n3 n2 n(n+1)  n(n+1)
sr(r? — T sr(r? —
- nz((n+11}) Tre 1+ n a
(2.8)
And
Sy (eq; ) Erpn ark(T) ZPS} (;::_jlr)é
_ZPH arge( (—) +4""ZPH ark(Z) (n—l—l)s{;‘p J (n—l—l)]

+ 62 Z Pn—srk(x)( ) [ZPSJ(:E)( ) } +4r® Z Prn—serk(2)
k=0

x(nil)[Zp”(I (n+1)]+r42p81 (n-}-l)4
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_ 934[(?1 —1)(n—2)(n—3) N 3(sr(r —1))? B sr(rd — 1) B 6sr(r — 1)

n3 nt nt n?
8sr(r? — 1) (n—1)(n—2) (sr(r—1))% 2sr(r®—1)
+ n3 ] +0 3[ ni(n+1)  nd(n+1) n3(n+ 1)

sr(r—1)  2sr(r—1) 2sr(r? — 1)} 2[ T(n—1) N 3(sr(r —1))2
n(n+1) n*(n+1) n*(n+1) nin+1)2  n?(n+1)2
B 7sr(rd —1)  6Gsr(r—1) 4sr(r?— 1}} m[ 1 sr(r® — 1}}
n2(n+1)2  nn+12  n(n+1)2 n+1)3  nmn+1)3
(2.9)

Lemmaz2.2. For each x € [Oﬁ] ,h € N and non- negative integers r,s satisfying the condition:

2sr < n, following equalities hold,

(i)Sp(t —z;2) =0

(i) Sh((t — 2)%; 7) = [1 4 sr(rn_ 1)]%(11: - z)

3 : 2 3 2 " ‘2 2

(640) 52 (6 — 2 2) = 2'%[14_ sr(r® — 1)z ] a n(za; - [1 sr(r ;1)1 ]
sr(r? — 1)z

— 1+ - ]

4 [3-2 4 32 s -] n( eol-a

SV — V) =2
(iv) S, ((t — x) .r)_n2 — — m—y) =

6(sr(r—1))2 12sr(r3—-1) 12sr(r—1) x?
+ - + ]+ i 1)2[

n

—

n? n? n n

N 6sr(r —1) " 3(sr(-r2— 1))2 7sr(r32— 1)]
n n n

T sr(rd —1)
- (n+1)3 [1+ n ]

(2.10)

Proof. From lemma 2.1 we get,
St —z2) =S5 (E x2) —283(1;2) =0

Sk((t — x)%; ) = S:(t%x) — 22 — 228k (t — x; T)

s-r('r—l)]£ n —1') i
n n\n+1

=G )

S:((t — x)3; ) = Sh(t3; x) — 32%S3(1%; ) + 3z S} (t; ) — =

=1?2+[1+
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_ 13[(n —1)(n-2) & 2sr(r2 — 1) _ 3sr(r— 1)] g, 312[ (n—1)

n? n3 n? n(n+1)
sr(r—1) sr(r2-1) = sr(r? —1)
n(n+1) nQ(-n.+1)] (n+1)2 [1+ n ]

—31'.[1?2+(1+sr(r-1))£( P —I)]+31‘3—1?3
n n\n+1
2x3

2 [1 ® sr(r?J 1)13] - n(gf 1) [1 > s 1)12]
= (n j b [1 4 sr(r?n_ I)I]

Similarly, from lemma (2.1), we get,

SH(t—x)h o) = SE(th o) — 428k (83 2) + 62257 (15 ) — 42253 (8 2) + 2

1

zt 6 3(sr(r—1))2 6Gsr(r®—1) z3 12
R
n2 n n? n? n(n+1) n
6 — 1)) 12sr(r*—1)  12sr(r—1 2 7
n (sr(r. )® sr{r- ) n sr(r )] L . [3 T
n? n? n (n+1)2 n
6sr(r—1) 3 — 1)) Tsr(r®-—1
n sr(r —1) n (sr(r- )° sr(r. )]
n n2 n?
T sr(rd — 1)
— 1+ =]
N (n+1)3 [ n

Lemma?2.3. For each x € [Oﬁ] ,h € N and non-negative integers r,s satisfying the condition : 2sr < n,
following relations hold,

() Stz < T

(i) nllnslc nS:((t—z)?z) =z(1 —z)

(i) nlim‘ n?Sk((t — )4, z) = 322(1 — )

Proof. We know that maximum value of x (L — x) in the interval [0, L] ,n € N is
5 n+1 n+1
n2
4(n+1)2 _

Also r,s are non-negative integers satisfying the condition 2sr < n = sr < 2 So from lemma (2.2) we obtain,
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2

Sa((t—z)%2) < [1 * 37‘(7’n— 1)]%(4("7:' 1)2)
< % [1 Sr(rn_ 1)]
<al+
¥ +1
3n

And,

nSk((t—z)%z) = [1+ sr(r—l)]r( n 1’)

n n+1
nli_gjl@ nS:((t —z)%z) =z(1 - x)
Again from lemma (2.2),
. 6 3(sr(r—1))%2 6sr(rd-1) x3n? 2
28*((t—xz)z) =23 — — - - _z
n2Si((t—z)'z) =12 [3 =+ 2 ] 6D [1 =
y (s-r(r; 1))? 23'r(-r32— 1) ¥ 2sr(r — 1)] n r2n? 2 [3 ¥
n n n (n+1) n
6sr(r—1) 3 -1))?  7sr(r’ -1
" sr(r—1) i (sr(r2 ) sr(r2 )]
n n n
n rn? [1 x sr(rd — 1)]
(n+1)3 n
Therefore, ‘ ’
nll’n;C n?Sh((t — z)*, ) = 3z* — 623 + 322 = 32%(1 — z)?
0O
Main Result:-

In this section we give our main result regarding the convergence of the operator S§f.

Theorem 3.1. If feC [O,ﬁ],n € N ; r and s are parameters which are non negative and satisfy the

condition : 2sr < n, then S,"f given by (1.4) converges uniformly to f on [Oﬁ .
Proof. From lemma (2.1) we see that,

lim (Spej)(z) =2!, j=0,1,2,
. n—oo
where e; (t)=t".

Hence by means of Bohman-Korovkin theorem [2], we obtain the desired result. (m]
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A Voronovskaja-TypeTheorem
In this section we give aVoronovskaja-Type theorem for our operator.

Lemma4.1. Suppose that X, is a fixed point in [0 ] n € N and &(t;Xo) is a given bounded function belonging to
[ , ] such that
n+1
lim (t;29) =0
t—xp
then,
nll-nslc Sn(e(t;xo); z0) = 0. (4.1)

where S, fis given by (1.4).

Proof. By (1.4) we have for n € N and a fixed point x, € [0 = ]
n—sr

Si((ta0)iz0) = 3 pu- m(:r)Z [pes@e (S22 z0)] (42)

where r and s are parameters which are nonnegative and satisfy the condition : 2sr <n.

Choose € > 0.Since ¢(-;z0) € C[0,;;57] , there exists a positive constant § = () such
that

€ i2
lp(t;z0)| < 5, if [t—20[ <6,t20

Also, since ¢(+;Xo) is bounded, therefore there exists a positive constant M such that |o(t; x)| < M for all

t>0. For n> 0 put,
k+gr
={keNn, :‘ —z <5}
n { 0T ol

Then from (4.2) we get for everyr,n,se N

stcnre] £ 5 mas S ftor(550)

JEAR
k+ g7
+ Z pﬂ-—ST‘,k(m) Z I:pS,j(m)(lp( ﬂ—l—‘?l ;$O)}
ke An ¢ An
< g 4 S (4.3)
Now we have,
k+ jr
S$1 <M Y pnari(z) Z [ps,j(w)cp( - +J1 wo)]
k¢An ]¢An
Since |';;:31r — xo| > 6 ,using lemma (2.3) we can write,

by 2
Sl < A16_2 Z pn—sr.k(x) Z [ps.j(x) (I;l_:_‘]lr _IO) ]

k¢ An J¢An
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< ﬂiﬁ_gSﬁ((t — ;1:9)2; xo)
_ 1) _9 r 4+ 1
- ()

It is obvious that for given €> 0,5 >0, M > 0 andr € Nowe can choose ny= ng(€; 3;M; r) € N such that for
all natural numbers n > ng

r+1)

8n <

M2 5

Here

Si < % ,for n > ng (4.4)

lim S;;(l.[)(t Io);lf()) =
n—oo O

Theorem 4.2. Let f?2 € C [O,L], then
n+1

lim n{S3(f:2) - f()} = 3a(1 - 2)f"(a) (1)

Proof. For a fixed z € [0, ;25],by Taylor’s formula we can write for every ¢ € [0, 351,

fO)=f@)+f(@)t-2)+ éf”(ﬂ?)(t —2)? + P(t; z)(t — 2)°, (4.6)

Then by assumption ¥(t; z) € C[0, nLH] is a bounded function and lim;_, ¥(¢t;z) =0
From this we have for every n € N,

Sa(fix) — f(x) = f'(x)S(t — =;7) + %f”(r)s;((t —2)%7) + S, (¥(t; 2)(t - 2)% )
(4.7)
and using lemma (2.2) we have
n[Sy(f;z) — f(2)] = %f”(l‘)[nsi((t —2)%2)] +nS, (Y(t )t —2)%z)  (4.8)

By Cauchy-Schwarz inequality we get for n € N

InS; (¥t 2)(t — 2)% )| < {Sa(WA(52);0)}? {n2S5((t — 2)%2)} 2 (4.9)
Since lim;_., v (¢; x) = 0,therefore, lim;_., ¥?(¢; ) = 0.Hence by lemma (4.1) we get,
lim S} (¢¥2(t;z);x) = 0. (4.10)

Hence by lemma (2.2) and eqgs. (4.8),(4.10) we conclude,

lim n{S;(f;2) - f(2)} = 52(1 - 2)"(2).
O

References:-
[1] N. Deo, M. A. Noor and M. A. Siddiqui, On approximation by a class of new Bernstein type operators,J. Applied

Mathematics and Computation,201(2008),604 - 612.

[2] P.P. Korovkin,Linear operators and Approximation theory,Russian Monograph and Texts on
AdvancedMathematics and Physics,vol.lll,Gordon and Breach publishers ,Inc.,New York /Hindustan
publishing Corp.(India),Delhi,(1960).

[3] M. A. Siddiqui,R. R. Agrawal and N. Gupta,On a class of modified new Bernstein operators, Adv.Studies
Contemp. Math.,24(2014),No. 1,97-107.

[4] D.D.Stancu, A note on a multiparameter Bernstein - type approximating operator, Mathematica(Cluj),26 (49),

1984, no. 2, 153 - 157.

791



