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The main aim of this research work is to find the dependency of various 

laser-plasma parameters on frequency shift. When a Gaussian laser beam is 

incident on dielectric, the laser heats the seed electrons for a time scale too 

short for heat conduction and diffusion, and then the phase transition from 

solid to plasma state is spatially localized. Multi-photon absorption causes 

rapid electron hole pair production, which is enhanced further by tunneling 

ionization. As the electron density increases beyond threshold, time 

dependent refractive index decreases via nonlinear effects and ionization. 

Phase modulation of laser beam results into frequency broadening. The paper 

discusses the conditions for the optimization of frequency shift by varying 

different laser-plasma parameters. The model fits best to high intensities 

(10
17 

W/cm
2
) in paraxial ray approximation and WKB approximation. 
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INTRODUCTION 
The developments in the field of interaction of dielectrics with intense ultra-short laser pulses can be accredited to 

advent of femtosecond lasers. This regime of laser matter interaction has seen extensive experimental advancement 

in past decades, but lacks theoretical background to explain the observed results.  

 

Lenzer et al. (1998) illustrates laser induced breakdown of dielectrics as three steps: (i) the excitation of electrons 

from valence band to the conduction band via multiphoton ionization (MPI) and/or tunneling, (ii) electron-electron 

collisional ionization (avalanche process) due to Joule heating, and (iii) transfer of the plasma energy to the lattice. 

Theoretically the generation of electron hole pairs and flow of energy has been understood as initial two processes 

store energy in the plasma while the third process releases the deposited energy to the lattice. Stuart et al. (1996) 

tested their hypothesis in femtosecond regime and concluded multiphoton ionization alone is enough to cause 

production of electron densities above breakdown threshold. Quere et al. (2001) have concluded that breakdown in 

dielectrics is produced by multiphoton absorption by valence electrons, which is enhanced by tunneling as well as 

there was no sign of electron avalanche. Dias et al. (1997) reported for the first time frequency upshifts of the order 

25 microns. Liu and Tripathi (2000) have studied laser frequency upshift, defocusing, and ring formation in gases 

interacting with ultrashort laser beams. However, the propagation dynamics of ultrashort laser beam during laser 

induced breakdown in dielectrics remains less investigated, hence a potential area of research.  

 

When the intense femtosecond laser beam interacts with dielectric sample, causes the inceptive deposition of energy 

in valence band through MPI and creates quasi free electron population in conduction band. The generated electrons 

in conduction band exploit latter part of pulse to increase their energy. The hot electrons collide and transfer energy 

to other electrons increasing free electron density. Consequently, the change in refractive index in focal volume 

leads to phase modulation and frequency shift. In this paper we have derived equation for propagation of dielectrics 
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and focused on encompassing control parameters and the effect of variation of those parameters for optimization of 

the shift either sides of laser frequency. 

 

Density Evolution 

Consider a large band gap dielectric with energy band gap Eg occupying half space z > 0.An ultra-short laser pulse is 

incident normally on a z = 0 surface from free space. The laser field inside the dielectric is given by the equation 

below: 

       
2

2ˆ exp exp expo
o

rE xE t i t i t kz
r

             (1)                                                      

Where 𝑟0 is the spot size of the laser at z = 0. 𝐸0 is related to the incident laser amplitude Eoi(t) as Eo(t) = [2/(1 + n)] 

E1` , where n is the refractive index of the dielectric and k = (ω/c)n. For z > 0, we have ˆ iE xAe  where ϕ (z, t) = 

ωt − kz is the fast phase of the wave and A( z, r, t) is a slowly varying complex amplitude of the wave.(ω = ∂ϕ/∂t 

and k = −∂ϕ/∂z) 

 

Li et al. (2000) have concluded from their experimental results that the net electron density evolution equation can  

be written as 

e e en t W n n                (2) 

where α0(Te)I distinguishes the rate of the collisional e-h production and I(t) is the laser intensity of the laser pulse. 

      
5 23 2

22 9 / exp / 2g g A AW E mE E E E E   and EA is the strength of the atomic field. At 

enormously high laser intensities (>> 10
17

W/cm
2
), when the electric field of laser E  exceeds the coulomb field of 

the atom AE , the electron orbiting around tunnels out(rendered as free electron) and is the major contributor to the 

plasma formation. The evolution of plasma frequency 
p  (

2 24p ome n  , where on  is the density) varies with 

time [4] as given below  

 
2
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Laser frequency up-shift 

Considering Gildenburg et al.(2002), the wave equation governing the laser pulse inside the dielectric, in the limit of 

𝜈𝑒
2≪𝜔2

 ( assuming ∇𝐸 ≈ 0 is valid when 𝜔𝑝
2≪𝜔2

) is given by 
22

2

2 2 2
1

pL E i
E E

c t c

  



  
    

  
                (4) 

The dispersion relation for a semiconductor of dielectric constant L  is found by using equations (2) and (4) in 

WKB approximation, given by 
2 2 2 2

L po k c     and we get 

   

      (5) 

 

Differentiating the above equation with respect to t (using 𝜕𝑘/𝜕𝑡 = −𝜕𝜔/𝜕𝑧) and taking group velocity of the form

  
1 2

2 2

g L L pov c       for under-dense plasma 
2

p <<
2 , we get 
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Now as per the analysis introduced by Liu and Tripathi (2000), for an initially Gaussian beam, results in the beam 

width parameter [7] 

 
22

2 2

2 3 2 2

1 1 1 p

L L L

f f
f

f


     

  
  

     
       (7) 

 

Introducing dimensionless quantities for paraxial ray approximation [10] 2

o oz c r  , dz R  ,where dR  is 

defined as the Rayleigh length ( 2

d oR kr ), ot   , is the normalized  propagation distance given by 

o or c  , 
0pm pm   , 

2 2 0p p   , and 0   where     
1 2 22 1o oI g   and 

the value of g is given by A oog E E . Applying transformation rules on the equations we finally get the 

equations governing the laser frequency  
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Where    21 expV f gf  ,       
21 2

2 expo A AI E E E E   .Then the equations 

(7),(8),(9), and (10) are solved numerically as well as plotted using MATLAB 2013a and ORIGIN 9.0. 

 

 

Results and Discussions 
 

When Ti:Sapphire laser (intensity of 6×10
17

W/cm
2
, Io=21 eV at ωo=2×10

15
rad/s)with standard output in 25fs is 

0.5mJ at a repetition rate of 1Khz, is made to irradiate dielectric sample of dielectric constant 3.45, the incident laser 

beam undergoes frequency broadening.  Figure 1 illustrates that the rate of frequency increase with propagation 

distance for beams with larger spot sizes is large in comparison to smaller values. The atoms or ions in the influence 

of electric field of the fast moving electrons and slow moving ions causing perturbation to energy level is 

proportional to electric field resulting in shift in frequency, hence pronouncing a strong dependence of frequency 

shift on laser spot size. It is evident from the Figure 2, where the dimensionless frequency downshifts with distance 

and its rate of downshift has strong correlation with relative permittivity. The density varies with the increase in the 

value of free charge carrier density
2

pm . Light traverses in a region in which the refractive index varies in time, 

but not spatially, the wavelength remains constant. However, the phase velocity of the propagating wave does 

change; it increases if the index is decreasing. When the wavelength remains constant while the speed increases an 

observer at a fixed location will therefore see more peaks per second, measurement then results in a higher 

frequency. Even if the wave moves out of the spatial region in which the index was time-varying, the frequency 

upshift persists in picture as a spatial change in refractive index does not affect the frequency. In the case of a time-

decreasing index, the medium has done work on the photon and made it more energetic. Ionization of a transparent 

material causes a time-decreasing refractive index, because the effective index of plasma is lower than that of the 

surrounding medium. The change in refractive index induces self phase modulation and ultimately frequency 

broadening. The frequency shift saturates with propagation distance, which is shown in Figure 3. 
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Figure 1: Variation of normalized frequency (Ω) with normalized propagation distance (ξ) for different values of 

normalized spot size (η) of laser beam. The other parameters are Ωpm
2
 = 0.005 and L =1. 

 

 
Figure 2: Variation of normalized frequency (Ω) with normalized propagation distance (ξ) for different values of 

the dielectric constant L . The other parameters are Ωpm
2
 = 0.005 and normalized spot size (η) = 600. 

 

 
Figure 3: Variation of normalized frequency (Ω) with normalized propagation distance (ξ) for different values of 

Ωpm
2
. The other parameters are normalized spot size (η) = 600 and L =1. 

 

Conclusions 
Laser parameters play a significant role in influencing the shifts in frequency of the incident laser beam due to the 

interaction between plasma formed in focal volume of sample and ultra-short intense laser beam.  Our model is 

applicable and most suitable for modeling the femtosecond laser induced breakdown in large band gap dielectrics at 

higher intensities. Normalized frequency up-shifts with the normalized propagation distance, for increasing 

normalized spot sizes of laser. While with increase in the value of dielectric constant, the normalized frequency 
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shows a downshift and beam width parameter rises with normalized propagation distance. It proves to be potential 

area of research (theoretical as well as experimental) as applications range from enhancing possibilities in 3D optical 

storage to multiphoton mediated subpico-processing of human chromosomes.  The study of control parameters will 

help us to exploit the potential unleashed in the interaction between ultrashort lasers and dielectric. 
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