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INTRODUCTION
Many systems have both repairable failures and non-repairable failures. For example, military equipment repairable
failures that have been caused by its own breakdowns and damage as well as non-repairable failures that result from
disappearance, destruction, capture, another ones that result from crash, explosion, loss of contact or controls and so
on. The system that has both repairable failures and non-repairable failures called RANRF system. The repairable
systems and the non-repairable systems are special cases of RANRF system. Which means the system will sooner or
later become non-repairable failure (being absorbed) and stop operating. According on this concept, all reliability
indices of a repairable system [1-8] may change. For example, the steady state availability and failure frequency may
become zero. So some new reliability indices and new calculating methods should be introduced.

This paper is extended to [9]. The main idea of this paper is to derive a reliability model called RANRF
system, which has some repairable failures and some non-repairable failures, and derive some reliability indices
using the supplementary variable technique and the Laplace transform.

2. Assumptions

1. The system consists of two non-identical operative units and one cold standby unit

2. When an operative unit fails, immediately sent for repair by general time distribution. A repaired unit
returns into operation

3. All failure rates are constant and the repair time distributions are arbitrary and different.

4. When both units fail, the repair is stopped and the standby unit replaces the last operative unit. Following
the replacement, the repair process restarts again from the beginning.

5. When the standby unit fails, the system needs fast repairing and hence is repaired as a whole with a general
distribution.

6. After repairing any one of the active units, it is sent into operation immediately and the operating standby
unit returns into the cold standby state

7. The system would never operate again when attaining a non-repairable failure mode.

8. All random variables are independent

9. After the repairs, the unit is as good as new

3. Notation
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Constant failure rate of unit i, (i=1, 2).

Constant failure rate of the standby unit

&~

A The failure rate (with respect to non-repairable failure). When the system is in S;

ij (i=0,...,7) it can transfer to non-repairable
failure mode with A;

o Constant replacement rate to replace the latest failed active units by the standby unit.

P (t) Probability that the system is in state i at time t,
1

P (t,x) Probability density, (with respect to repair time x) that the system is in state i (i=1, 2, 5,
' 6) attime t, and the unit under repair has an elapsed repair time x.

P (t,y) Probability density, (with respect to repair time y) that the system is in state 7 at time t,
i ’

and the unit under repair has an elapsed repair time y.
o (x), f. (x) Repair rate and probability density function (p.d.f.) of repair time of a failed unit i (i =
: ! 1,2) and has an elapsed repair time of x.

f,(x) =g, (0)exp[-[ g (u)du] =12

Lo (y), h(y) Repair rate and p.d.f, of the system in state 7, and has an elapsed repair

time of y. h(y ) = 11, (y ) exp[—| o (u)du]

g * (s) Laplace transform of a function g(t)

where 97 (6) = [ 9 (t) exp[—stIdt

Let S(t) be the system state at time t, then we can get the possible states of the system are shown as follows:

State 0 unit 1 and 2, of the system are operating,

State 1 unit 1 is being repaired, and unit 2 is operating,

State 2 unit 2 is being repaired, and unit 1 is operating,

State 3 unit 2 fails, while unit 1 is being repaired,

State 4 unit 1 fails, while unit 2 is being repaired,

State 5 standby unit is operating, while unit 1 is being repaired and unit 2 is waiting for repair,
State 6 standby unit is operating, while unit 2 is being repaired and unit 1 is waiting for repair,
State 7 All units are down and the system is under repair,

State 8i i=1..7],

State 9i i =1..k,

State 10i i =1...L,

State 11i i=1..m,

State 12i i=1..n,

State 13i i=1..p,

State 14i i=1..r,

State 15i I =1,...,q : the states are non-repairable failures (absorption states)

The transition state of the system is described by Figure 1 according to a Markov chain, where the states 0,
1, 2, 5 and 6 are working states; while the states 3, 4 and 7 are failure states.
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14,(X)

14, (X)

Fig.1 State transition diagram of model

4. The State Probabilities of the System
According to the assumptions of the system, we can get following differential equations for the system:

LE S ]Po(t)=2j(pi (P ()0 -+ 1y )P €,y ) @
§+aix+ﬂ"z+¢1(x)+izl:ﬂgijpl(t'x)zo @
§+§+4+¢2(x)+§40ijpz(t,x)zo @)
:—t+a+iﬂmjps(t)=ﬂza(t) @
3—t+a+i&2ijp4(t):ﬂ1pz(t) ®)
O B+ a0+ Y A [REX)=0 ®
at aX 1 — 3i 5\*1

§+aix+ﬂ3+(p2(x)+izrl"ﬂl4ijPe(t,x)zo (7
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(§+E+ﬂo(y)+zﬂm }P (t,y)=0

Their boundary conditions are:

PL0) = APy (0) + [ 2, ()P (€, X )k

P,(t,0) =ﬂ2P0(t)+T(01(X)P5(t,X)dX
P, (t,0) = aP,(t) O
P,(t,0)=aP,(t)

P 0= 43P0
P,(t,0)=P(t,0)=0

Initial condition

P,(0)=1 P.(0x)=0, x %0, i=(12467),P, (0= 0,i=(34)

Pi*(s)=IPi*(s,x)dx, i =(1,2,5,6,7) , we get
0

Taking Laplace transforms of the set of equations (1-14) and using (15) and (16), we get:

s+Zﬂ» +Zﬂg JP (s)= 1+Zl£<o. (X)P"(s,x )dx +juo(y)P s,y )dy
s+&+22+(p1(x)+izzl:ﬂgijPl*(s,x):O
s+aix+ﬂl+gp2(x)+gﬂmiJPZ*(s,x)zo
s+a+iﬂnijP;(s):ﬂzPl*(s)

s+a+_nzlﬂmjpz(s)=ﬂlpz(s)
s+§+/13+¢1(x)+gﬂmJP;(S,X)=0

S+§+%+¢2(X)+2214ijpe*(sﬂ()zo

i=1
Their boundary conditions are:

P (s,0) =/11P0*(s)+T(p?_(x)P6*(s,x)dx

S+%+ﬂo(y)+iﬂ15ijp7*(siy):0

(8)

©)

(10)

(11)
(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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P (5,0) = 4Py (6)+ [ (X )Py (5., X )

Py (s,0) =aP;(s)
Ps (5,0)=aP, (s)

P60 =AY P )

P, (s,0)=P,(s,0)=0
Solving (17)-(24) with the help of (25)-(30), we get

P;<s)=$
FORCEI RMCORAENC +ﬂz+ik§ﬂgi )
IDEXG +Az+_kzlﬂgi )6 e+ DA )+ aAE)L
SRR PRINIOES V)
P O) =l 1+ 30 )6+ 3 ) A (A 4 2+ 3 )
(643 A ML 54+ )
IDE)S + 2+ Y M6+ + T e+ 3y )+ A )
(6 A 6+ A Y A}
SORACOIVACERCIES VB
IDEXG +@+2@i )6 #are D)+ aAE) L
SRR PRINIOES VW)
SORSYECIZRD WA XTES YR EZICHNCIES 28
O AN AN 6 4 300

LIOCERE W IICEVES W (CEV RS I CERTD I

(26)

(27)
(28)

(29)

(30)

(1)

(32)

(33)

(34)
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ROCRNCPES WRUACES W N
P )=y (A AN gt LA A6 43 )
ID )6 2+ Y s+ 234 37 )5 + a4 3y )+ A
N R W NCERS W) .
SORINNCIPRS WHIRES VR BIICTRCIPES 78
22 A W 2 Y A N s 2+ Yo )
IDE)S + A+ Y )5+t 3 A )6+ + S N6+ A+ 3

4+ 3 A ) H AN 5+ 2,4 D A 6+ 2,3 2 )} .
P (5) oA, (s + X A ) +iqzlﬂﬁ)D(s)}{{(A(s)w)(l—fl*(s +ﬂg+if_l)ﬂgi )
SENCEYSWIRYCIES I CEVRS R CIRAS VI
SO CINCIPRS P RACRIES )}}
+{A1{(s +ﬂq+ikzlﬂgi)<s +a+ileﬂm>—aﬂi(—1+ff(s+@+ik§ﬂgi )
232 2 5 Y WA 5+ At Y A}
(COVRD W IRICEAD W CIPRD W CEVAD N

(s +a+iﬂlli )+aAS)(=1+f (s + 4, +Z/19i NE(Gs +/13i213i )}}}
=1 i=1 i=1 (38)
Where

AG) =156+ A Y A IS+t D )
5+ 2+ 3 )+ D ) @
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D(s)=(s+A+@+Zzgi>—{{(s+z?+gzgi s+ 3 A NAG)+A)
(s +ﬂz+ikzlzgi)+iz{<s +ﬂz+ik§zgi )6 bart Y h) (-1
SNCIOED WRINCEYS W) HCEERD W )}

M+ Ay 30 )6 4 3 )+ AN, (542,43 20)
N W C ROV »}}
A6+ 3 ){{{(A(s) A6 2 )
CENCTI W T CEYND W RTINS WMID
CENEYAS VRN VN )}}

+{{ﬂl{(s WA TS RS RRCPRS WD
NS YR E R W C RN W
K+ A+ 3 )6 a3 ) 2+ 33 6 + 2+ 2.7

(s +a+iﬂm )+ aAS)(=1+f,7(s + 4, +Zﬂgi NS+ 4 +iﬂ13i )}}}
5. Reliability Indices

The ideas of reliability indices, we can get new reliability indices of the system as follows.

5.1 Time to Non-Repairable Failure

There is a period of time from starting operation of the system to entering non-repairable failure. The time T is
defined as the time to non- repairable failure. We define T is a random variable, its c.d.f. G(t) is called the
cumulative distribution function of the time to non-repairable failure,

G@t)=P{T <t}=1-P{T >t},
where P{T >t) =€(t) is the probability that the system has not entered non-repairable failure at time t. From
the assumptions of the system, we get

G(t) :P(,(t)jtzz“]gPi (t,x)dx +Z4:Pi (t)WLZG:TPi (t,x)dx +TP7(t,y)dy

i=lg i=50

(40)

(41)
Taking the Laplace transforms on both sides of (41) and using equation (16) and using (31)-(40), we can get

G (S) asfollows
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G (s)=P; (s)+Z_[P (s,x)dx +ZP (s)+ZjF> (s,x)dx +jp (s,y)dy

i=1lg i=5 0

G (s)=

D](-S) {1+B (s)+C (s)+1/{(s +a+i2:1:ﬂﬂi )(s +0{+i2:1:ﬂ12i s+ 4, +i2:1:/113i)
(4 3 )6+ D )}{ﬂzB (s + e+ 3 )5 + A+ k)
{a@(—uh*(slezm DL (5 2+ 3 2 )5+ D )

s+ 2+ Y Vol [+ 3 g )}}M@ O -+ 37)

(s +23+i22,213i){aﬂg<—1+h*(s DY ICERNCIES YW

S+ Y A MO + 4+ Y ) ra—af (s 44+ A )}}H @)
Where

B(5) =G5+t 32 )AG)+ ANA-1 6 4+ DANHE + o+ 3 )

I VMO IRCIPES WA RS W @)
CO) =26 + 4+ XA )6+ 3 )~ A (A6 124 3 0)

NS VI CRHIRIWIDVIIVED W CIZRS 7

m k p
(s+a+) Ay)+aAE)1+17 (5 + 2, + D A N (S + 4D Ay )}
i=1 i=1 i=1 (44)
The expected value of T is defined as the mean time to non-repairable failure (MTTNRF). Denoting E (T) as
MTTNRF, we have E (T )= 6(0) as follow

)-8 (0= i LB O1CO e S )+ S
G+ S0 )Y )}{@B CICES VISR YMIEICIENI
L3 A0+ (5 MU+ S vt v 3

+AC O+ 3 g W+ D ){aﬂg (L0 (A N1 (Y )
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HO s WU+ 3 ) e (a3 A )}}H @9
5.2 Availability

The system is in operation if and only if it is in the statesS; fori =0, 1, 2, 5, 6. The probability Av (t) that
the system is in operation at time t is defined as the instantaneous availability of the system at time t. We obtain

Av(t):Po(t)+ZlePi (t,x)dx +ZG:TPi (t,x)dx (46)

i=l o i=5
Taking the Laplace transforms of the equation (46) and using equation (16) and using (31)-(33), (36) and (37) we
canget Av(s)

Avi(s)= Po*(s)+zzl]gPi*(s,x)dx +ZGZTPi*(s,x)dx

Av*(s)={1/D(s>(s APV IS Y ICRPRS Y IRCETIS 1 )}
{B(s)(s £ Y )6 et Y M e Y ) +i2’:,ﬂlgi)
RGN CIZRS WHD TR YD ICRORE /I
{(s OV MICVES YHEOICIVE Y MICIERS ¥

.
oAy (1+f, (s + A4, + Zﬂw ))}}}

= (47)
The mean operation time T, from starting operation of the system to entering non-repairable failure is defined as the

mean operation time (MOT) of the system. From the definition and use the limiting theorem of the Laplace
transforms. From (47), we get

0 t t
T, =[Av t)dt =lim [Av (t)dt :IirgsL[jAv (t)dt]=limAv(s) (48)
0 0 0

The mean availability of the system, AV , is defined as Av =T, /E (T ), which may be used instead of the steady
state availability of a common. Using (45) and (48), we obtain:

Av = {(ZA ){(a DY CHS YIRT(CED YIS y I
(1+B(0) +C () ~a%B O)-L+1, Uy + 3 A W chC e+ 3 )
(4 +iﬂ13i )(1+f, (4 + iﬂm ))}}/{(a + i}‘m )(4; + iﬂm )

{(miﬂm a3 )X ) A+ B O +C (O) + 4B O {a@(—lm*(iﬂm )

785



ISSN 2320-5407 International Journal of Advanced Research (2015), Volume 3, Issue 5, 777-789

(A4, G Y )+ g WU+ D) e g Y )}}}
+AC O+ 3 g W+ D ){aﬂg (L (X g DL e+ 3 )

HO s MU+ X )+ =t G+ 3 )}}} (9

5.3 Replacement and Repairable Failure Frequency
The system suffers replacement and repairable failure if and only if it transfers from state i,(i =1, 2) into state

i,(i =3, 4) and state i,(i =5, 6) into state 7 respectively. Denoting W (t) as the instantaneous replacement
and repairable failure frequency of the system at time t, we obtain

W (t) :T@Pl(t,x)dx +T21P2(t,x)dx +26:T13Pi (t,x )dx (50)

i=5
Taking the Laplace transforms of the equation (50) and using equation (16) and using (32), (33), (36) and (37) we
canget W “(S), we have

W *(s)=]gﬂ?P1*(s,x)dx +T/11P2*(s,x)dx +ZGZTX3Pi*(S,x)dx

i=50

W) ={@B(s>(s IOV ICEVRD YIS CRVES YOS /9
(@l (54 2+ Y A N AC )6+ D)6+t D)
RIS VIRIES Y IONCEC RS Y

/{D ()6 ++ D Ay S +ar+ D o S + At D A S + 2 D )} o

Let M represent the mean numbers which the system suffers replacement and repairable failure from starting
operation of the system to entering non-repairable failure. From (51), we get

0 t t
M =jw (t)dt = |imjw (t)dt = IirTJsL[IW (t)dt]=limw "(s) (52)
0 0 0

We define W =M /E (T ) as the mean replacement and repairable failure frequency of the system, which may be

used instead of the steady state failure frequency of a common repairable system, then using (45) and (52), we get
the mean replacement and repairable failure frequency of the system as follow

W =M IE@)= {(zﬂi TEEICTCE VIERS VNI R R ERS v
gl G+ Y A Y AC O+ 3 s o+ )

(CEDY IS Y IREVNCERINCRS N »}}}
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/{(a DYMIES R ){(a DYMTE Yy
(1+B (0)+C (0) + 4B (0 {a@(—u O STRCHS W)
O W+ Y )+ e i+ 3 2 )}H A0 O+ Y )
G+ Y ){aﬂg(—u XOIICEEOES W)
SOWMICED WIRTERERS wh )}H )
5.4 Repair Frequency of the Unit

The unit 1 is repaired if and only if the system transfers from state Sy into state S;. We define Wl(t) as the
instantaneous repair frequency of unit 1 at time t, we obtain

Wl(t) :%Po(t) (54)
Taking the Laplace transforms of equation (54) and using (31), we have
W,'(s)=4Py (s)=4/D(s) (55)

Let M, represent the mean repair numbers of unit 1 from starting operation of the system to entering non-repairable
failure. Applying probability analysis and from (55), we get

0 t t
M, =jw1(t)dt = Iiijl(t)dt = IirrgsL[IWl(t)dt] = limW,"(s) = 4/ D (0) (56)
0 0 0

Denote the quotient W1 =M 1 /E (t) as the mean repair frequency of unit 1. From equations (45) and (56), we
obtain the mean repair frequency of unit 1

W,=M_,/E(t) =21/{1+B(0)+C (0)+1/{(0{+iﬂm)(a+iﬂm)
U+ 30+ S X B O3 s+ )
{aﬂa (-1+h *(i A N1+ (A + Zp:ﬂmi )+ (iﬂlSi K4, + Zplﬂisi )

+a—af (A + iﬂl’o‘i )}} +AC (0)(a + iﬂlli )4+ iﬂli’:i ) {0{13 (-1+h” (i Aisi )

r q r r
(L8, (A + D A DFQ A H A+ D A ) v a—af J (4 + 3 Ay )}H} (57)
i=1 i=1 i=1 i=1
Similarly, we can obtain the instantaneous repair frequency of unit 2 at time t
W, () = 4P (t) (58)
Taking the Laplace transforms of (58) and (31), we have
W, (s)=4,P,(s)=4,/D(s) (59)
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We deduce the mean repair numbers of unit 2 from starting operation of the system to entering non-repairable failure
from (59) as follow:

M, =limW; (s) = 2,/ D (0) (60)

We define W, =M, /E(t) as the mean repair frequency of unit 2. From (45) and (60), we get the mean repair
frequency of unit 2

W,=M,/E(t)=4, /{1+ B(0)+C (0)4—1/{(0{4—&1&11i )(OH—iﬂm )
ZH0 YR ICHD y (o v ID I FETCIER YARICHS
{a% (-1+ h*(i A N(1+E 7 (A + Zp:/llai )+ (_qzﬂﬁi K4+ iﬂmi )

+a—af (4 + iﬁmi )}} +4C (0)(a + iﬂni )4+ iﬂ‘ﬂi ) {aﬂs (=1+h” (qz Aisi )

r q r r
(L8, (A + D A D A WA+ D A ) v a—af 7 (5 + D Ay )}}}} (61)
i=1 i=1 i=1 i=1
Similarly, we can obtain the instantaneous repair frequency of standby unit at time t
Ws(t)zjﬂaPs(t,x)dx +J‘/13P6(t,x)dx (62)
0 0

Taking the Laplace transforms of (62) and using (16), (36) and (37), we have

W;@):T@HK&XNX+T%HK&XNX
W (6) =0t | AR OG0 3 2 6t S, 6423 )
FAC ()6 + o+ D g )6 + At D JLHE (5 4 g+ Y )}

/{D(S)(s S VIR ICETTS Y I CHP IS )(s+za+_izl4i)} )

We can get the mean repair numbers of standby unit from starting operation of the system to entering non-repairable
failure from (63) as follow:

M3=H@W§@) (64)

Denote the quotient W3 =M 3 /E (t) as the mean repair frequency of standby unit. From (45) and (64), we get the
mean repair frequency of standby unit.

RIREORS PX0 IRICHCES YO EHD YLICISIERERS oW

EXCOVIRICES M CICICHRER DI E0 VI
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o+ S @ 3000+ 30 ) A 0+ BOC 0D+ 28O
ISINOIICRACES VIR CR5 78
var—at (e + 3 >}}}+ﬂi<a+im s+ 32 O (2 (520

(L Gt 3 D+ (s WU+ i) + et G 3 )}}} ©

6. Conclusions

This paper studied some reliability indices of a RANRF system that consists of both repairable and non-repairable
failures. Using the supplementary variable technique, probability analysis, definite integral and the Laplace
transform, we derived corresponding calculating methods. In addition, those reliability indices are different from the
corresponding indices of both common repairable systems and common non-repairable systems.
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