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Introduction:-

Composite materials, depending on their production conditions, are subject to differential shrinkage phenomena of
the different constituents leading to residual cracks [1,2,3,4]. Under stress, we observe a propagation and
intensification of these cracks depending on parameters such as temperature [5,6]

Our objective is to develop an analytical model of mode | crack propagation based on the analysis of the stress field
at the crack tip taking into account the temperature variation. As a method, we first exploited the generalized
Hooke's law and the small disturbance hypothesis. From these results, the asymptotic expressions in displacements
of the crack tip [7,8], allowed us to obtain the desired model. A comparison is made with the results from the
literature.

The observations made show that the established model gives a very good description of the crack propagation
behavior in mode I.

Main working hypotheses

The material studied is a composite with two main phases: a polymer matrix and sufficiently short fiber
reinforcements so that the dimensions of the composite are infinite. The specimen has an elastic, linear and isotropic
behavior. The limits of use of the model to be established concern slow and sufficiently lower stresses in order to
avoid sudden rupture of the material. The hypothesis of small disturbances will therefore be taken into account. In
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addition, if the composite undergoes a transformation, it must be continuous, infinitesimal and irreversible with an
absence of chemical reactions and change of state.Figure 1. shows an illustration of the cracked specimen.
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Fig. 1:- lllustration of the cracked composite [9].

Mode I stress field model at crack tip
Figure 2 illustrates the parameterization near the crack tip.
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Fig. 2:- Parameterization a) in stresses and b) in displacement of the crack tip.

With the previous hypotheses, the generalized Hooke's law, in the absence of prestresses, is written:
& = 2uE + [Atr(&) — BAT]I(L)

with : & : tensor of the stress field at the crack tip (MPa)

& : strain tensor near the crack front

tr(&) : trace of the strain tensor

I : tensor unit of order 4

w : first Lamé coefficient or Coulomb modulus or transverse modulus of elasticity (MPa)

A : second Lamé coefficient (MPa)

B : Thermal expansion coefficient of the composite (°C™)

AT : variation of temperature from initial conditions (°C)

Either in index form :

oy = 2ue; + (o — BAT)S; Vi jk € {1;2)(2)

ou : g; : components of the stress tensor

&; - components of the strain tensor

d;; - Kronecker symbol

v : Poisson coefficient

In addition, the components of the linearized strain tensor under the hypothesis of small disturbances (HPP) are :

1
g =5 Wy + u;)(3)
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with u; ; (respectivelyy; ;) partial derivative of the displacement u; (respectively w;) according to x; (respectively

according to x;).
From equations (2) and (3), we have :

o-ij = 2# I:% (ui']’ + u]',i) + 1—1}_2vuk'k6ij:| - ﬂAT(?U (4)
Then :

Iraxx =2u [ux,x + 1_1/7 (ux.x + uy,y)] — BAT

Iayy =2u [uy,y + #(uy_y + ux‘x)] - BAT(5)

k Oxy = u(ux,y + uy,x)
We will now calculate the components w; ; of the displacement in the vicinity of the crack tip.On a en mode 1 [7,8] :

( u, =1 2—rcos(%)[l — 2v + sin® (g)]

{ 2u m (6)
luy = 3% (Zsin)[2(1 - v) — cos? (1))

with : K; : stress intensity factor (MPaym ).
Furthermore, we know that:

x = rcos(0) ety = rsin(6) (7.1)
That’s to say :
r=.x*+y% et 0= arccos(‘/xz;v) (ou 6 = arsin(x++yz)) (7.2)

x et y (respectively r et 8) being the coordinates in a Cartesian coordinate system (respectively cylindrical) of origin
of the crack tip of a point very close to it.
From (6) and (7), we obtain :

K x

T 3 X _ ) 2 ) 1/
{ U, = 2#\/;cos(O,S arccos(m))[l 2v + sin (0,5 arccog(m))](x +y2)'/a

\w = ;(—;\/%sinii@,S arccos(ﬁ))[Z(l —v) — cos? (0,5 arccos(\ﬁ))](x2 + y2)1/4

With, for an overflowing crack in relation to which the specimen is considered infinite [9], K; = 1,126®vVma
(MPay/m).(9)

Using relations 8, we therefore obtain the expressions of the partial derivatives u_(i,j) of the displacement field at

the crack tip by setting:
_ Ouy | _ Ouy | duy _ Ouy (10)

U = ox Uy = ay ’ uy,y - ay ’ Uyx = dx

@)

Let’sput:A:;(—;\/%;B:1—2vetC:2(1—v)

We demonstrate that (see Appendix I for details) :
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uX,X

ini X in2 _x —* ) (= _x i _x in2 _x
0,5y sin{i0,5 arccos(m)) (B’ + sin (0,5 arccos <W))> + cos (0,5 arccos (W)) (—=ycos (0,5 arccos (W)) sin (0,5 arccos (W)) +0,5x <B + sin (0,5 arccos ( x2+y2>)>)

(% +y2)i

Uyy
_, —0,5x sinifi0,5 arccos(ﬁ)) (B + sin? (0,5 arccos (ﬁ))) + cos (0,5 arccos (J%Tyz)) (xcos (0,5 arccos (Jx+Ty2>) sin (0,5 arccos (\/x+Ty2)) + 0,5y (B + sin? (0,5 arccos (ﬁyz))))
- 3
(x® + y?)s
Uyy

X

i X — cos? X i —x i —x X — cos? X
0,5x cosi¢i0,5 arccos(w))(é‘ cos“(0,5arccos (W))) + sin (0,5 arccos (W» (xsin (0,5 arccos (W» cos (0,5 arccos (W» + 0,5y (C cos (0,5 arccos ( x2+y2)>>)

3
(<2 + y2)s
Uy,x
— it x — cos? x i 2~ N (=vsi _x _x — cos? x
) 0,5y cosi0,5 arccos(W))(C cos*“(0,5 arccos (W))) + sin (0,5 arccos <\W)) (—ysin (0,5 arccos (W)) cos (0,5 arccos (W)) +0,5x <C cos (0,5 arccos ( x2+y2>)))

3
(2 +y)e

(11.1;11.2;11.3; 11.4)
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Or according to cylindrical coordinates :

Upy =3 f 2 [c0s(0,50)(B + sin? (0,56)) — sin?(8) cos(0,56)] (12.2)
Uypy = 2\/? [sin(0,50) (B + sin?(0,50)) + sin(8) cos(8) cos(0,56)] (12.2u,, =
zi\/? [cos(O,SH)(C — cos?(0,50)) + sin(8) sin(0,50)cos(8)] (12.3)

Uy, = — %F [sin(0,56)(C — cos?(0,50)) — sin?(8) sin(0,56)] (12.4)

Equations (5) combined with relations (12) constitute the stress field model sought in the vicinity of the crack tip (see
Appendix 1 for details):

K
(Uxx = _lﬁcx - ﬁAT
o)y = m K g, — AT (13)
\oxy = ﬁﬁ‘y —BAT

Where the parameters f,., f,, and f,, are functions of space and behavior of the composite defined by:

(fxx = J"x = [—vc0s3(0.50) + 0.5v sin(26) sin(0.50) + cos(0.50) sin?(0.56) +
271r

c0s(0.50) cos?(8) — v cos(0.56) sin?(0.58) — v cos(0.56) cos?(8)]/(1 — 2v)

fyy = Uyy = [2¢c0s(0.58) — c0s3(0.50) + vcos3(0.58) + v cos(0.56) sin2(0.59)(14)
\/m
+v c05(0.50) cos?(0) — 4v cos(O 56) + 0.5 (1 — v)sin(26) sin(0.56)]/(1 — 2v)

fxy = = 0.5sin(0) cosifil.50)

7

\/an

It takes into account the size of the crack, the position of the point in the vicinity of the crack, the effect of temperature
variation and the behavior of the composite.
For the validation of this model, we will carry out a comparative study with the results of [10].

Discussion and comparative study (validation)
The model of stress fields at the crack tip in the literature relating to the results of [10]is given by the following system

f
|
{Iawyy Befuy 09
k wxy — mf Xy

Where the parameters fwxx, fwyy and fwxy are space functions defined by :

(fwxx = 2= = cos( (1 - sm( )sm( o))
|

m
{fw = JW” = cos( (1 + sm( )sm(—)) (16)
k fxwy = way = cos( )sm( )cos(—)
m

At constant temperature (condition imposed by Westergaard), the study of the validation of the proposed model
amounts to comparing the parameters fxx and fwxx, fyy and fwyy, and fxy and fwxy.

For a better illustration, we will plot the graphs of the functions fwxx, fwyy and fwxy together with those of fxx, fyy
and fxy respectively. For the latter, and for each axis, different graphs will be drawn according to the Poisson’s ratio
taken between 0.25 and 0.5; range of values for natural polymer and fiber materials [11]. The graphs are presented in
Figures 3, 4 and 5.
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We observe that the graphs resulting from our model and those of [10] are identically superimposable. The margin for
error is zero. This means that the measurements obtained are exactly equal to those in the literature. At constant
temperature. However, in practice, this condition of no temperature variation is not realistic. Indeed, there is always a
residual temperature variation which has an effect on the stress state of the material.

The interest of our developed model is to take into account this influence of temperature on the degradation of
materials by analyzing crack propagation.

Conclusion:-

The development of new materials requires particular attention, especially for the prediction of their possible
degradation. The analysis of crack propagation by studying fields at the crack tip is an effective means. Westergaard's
asymptotic expressions are an example. In this work, it was a question of developing a model taking into account the
effect of temperature. The results are compared to those in the literature. We have a very high agreement between the
different measurements.

The interest of our developed model is to take into account this influence of temperature on the degradation of
materials by analyzing crack propagation. This model will be used in some of our future work to study the degradation
of materials that we will develop taking into account the influence of temperature.
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Annex | : Calculation of partial derivatives of the displacement field at the crack tip
Partial derivatives u; ; of the displacement field at the crack tip by posing are calculated as follows:
ou, du, du, du,
e T ey Ty ey Ty e T gy

Calcuation of u,

a _ x . _ x 1
Upy = 5 (f—;\Ecos(O,S cos 1(Jx2—Ty2))[1 —2v + sin? (0,5 cos 1(W))](xz +y2)/a)
Y and b being taken here as constants, we apply the product rule: (fg) = fg+fg with :
K

f= Z\/%COS(O,S arccos(\/#) et g =(1-2v+sin? (O,S arccos <Jx+Ty2)>)(x2 +y2)'/a

By puting A = f—;\E (we make a reservation of the multiplier constant A) et B =1 — 2v, we have :

3] x x a
= A— (cos(0,5 ———)))(B +sin?(0,5 ) Y22 +y2 + A—((B
Uy 9% (cos( arccos(\/m)))( + sin“(0,5arccos (\/m))) x*+yt+ pp ((
x x
+ sin?(0,5arccosi 1)) 3/x2 + y)cosif0,5arccos(———))
/xZ + yZ /xZ + yZ
Moreover :
0,5y sin (0,5 arccos ( o D))
9 x _ xZ4y?
- (cos(0,5 arccos(\/xzﬂz))) = pE, et

0 X X
—| | B + sin? (O,Sarcco s (—)) Yx2 + y2 |cos| 0,5arccos <—>
ox [%2 + y?2 [xZ + 2

_ X . X .2 X
ycos (0,5 arccos <—W>) sin (0,5 arccos (J—xz—wz)) + 0,5x (B + sin (0,5 arccos (—W»)
3
(x2 +y?)3

Then :

uX,X
0,5y sinfifi0,5 arccos (——

=) x
=A s 7 By sin? (0,5 arccos <7>> Va2 +y2
x“+y [x2 + yz

_ X . x ) X

ycos (0,5 arccos (\/—X2—+y2>) sin (0,5 arccos (—W)) + 0,5x <B + sin (0,5 arccos (—x2+y2>)> X

+A 3 cos| 0,5arccos | —=
(2 +yHi VX2 +y?

After simplification, we finally obtain:

U x

0,5y sini0,5 arccos(ﬁ)) (B + sin? (0,5 arccos (ﬁ))) + cos (0,5 arccos (ﬁ)) (—ycos (0,5 arccos (ﬁ)) sin (0,5 arccos (ﬁ)) + 0,5x (B + sin? (0,5 arccos (ﬁ))))
3
(2 +y2)i

=A

Or in cylindrical coordinates :
_ 4 0,5sin(6) siniii0,5 0) (B + 5in?(0,50)) + cos(0,560) (—sin(8)cos(0,56) sin(0,50) + 0,5cos(6) (B + sin?(0,50)))

Uy x \/F

After simplification :

Uy y = A [c0s(0,50) (B + sin? (0,58)) — sin?(8) cos(0,56)]
, 2\/;

Calculation of u,,,

o K |2
—(=— |=c0s(0,5cos™I(

x
Ury oy 2um [x? + y2

The same product rule allows us to write that :

N[1 — 2v + sin? <0,5 cos™! (L)>](x2 +y2)'a
x? 4 y?
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Uyy = 6 (cos(O 5 arccos(F))) (B + sin?(0,5arccos' (\/wj))) YxZ+ y? + A - ((B

—))),/xz + y?)cosif0,5arccos(——— —))

0,5x sin (0,5 arccos (#))
x2+y2
. et

+ sin?(0,5arccost(

with :

a X
-~ (cos(0,5 arccos(W))) =-

x2+y

X . X
XCcos (0,5 arccos <W>> sin (0 5arccos ( ) + 0,5y (B + sin (0,5 arccos <W))>

d x

E B + sin? (O,Sarccos (—)) f/xz + y2 |cos| 0 Sarccos(
3
4

(x? +y?)i
Then :
0,5x sin’{0,5 arccos(———))
- _ Vxtty? in2 _* 4102 2
Uy =—A 21y B + sin“| 0,5 arccos \/m Vxe+y

X . X
XCcoSs (0,5 arccos (W)) sin (0 5arccos (\/_T» + 0,5y (B + sin (0,5 arccos (XZ—HZ)D
(x* + yz)Z

+A

Either in cylindrical coordinates:
—0,5c0s(8) siniii0,5 0)(B + sin?(0,50)) + cos(0,560)(cos(8)cos(0,56) sin(0,58) + 0,5sin(8)(B + sin*(0,50)))

uxo, \/;

After simplification :

Uypy = % [sin(0,50)(B + sin?(0,50)) + sin(8) cos(8) cos(0,56)]

Calculation of u,,,

u L Zsin(0,5arccos | —=——))|2(1 = v) — cos? [ 0,5 arccos | ——] || (x? + y?)/a
" 9y Zﬂf JiE )2 m g

By puting C=2(1 — v), it comes after application of the product rule :

d x
= A— 1 - — 2 2
u,, =4 3y (sm (0,5 arccos( = y2)>> (C —cos <0,5 arccos( e )))Jx + y?
)) VxZ + y2)sin(0,5 arccos(

a X
+ A— (| Ccos? <0,5 arccos( ))
dy Jx2+y? VxZ +y?

We have :

0,5x cos (0,5 arccos (

—)
a [ . x xZty?
I (sm (0,5 arccos (Jx2+y2))> = ez and

ad

x
—| | ¢ =cos?(0,5arccos| ——— x?+y2
dy ( («xz + yz)) Y

i _* _x _ 2 _*
xsin <0,5 arccos (W)) cos (0 5arccos (J—)> + 0,5y ( cos (0,5 arccos <W>))
(x? + yzF

Then:
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Uy,

y
0,5x cosii0,5 arccos(———))
VxZiy? 2 x 4
=4 C— 0,5 —_— Jx? 2
X212 cos arccos \/m xc+y

. X X _ 2 X
Axsin (0,5 arccos <—xz+y2>> cos (0,5 arccos ( x2+y2>) + 0,5y (C cos (0,5 arccos (—x2+y2)>)
3
(x2 +y2)

+ sin(0,5 arccos <

Either in cylindrical coordinates:
0,5cosi{B) cosiii0,5 0) (C — cos?(0,50)) + sin(0,56) (cos{B)sin(0,56) cos(0,50) + 0,5sin{h)(C — cos2(0,50)))

Uyy = Jr

After simplification :

Uy, = % [cos(O,SH)(C — c0s%(0,50)) + sin(8) sin(0,50)cos(8)]

Calcul de u,

Uy, = 9k Esin 0,5 arccos | ————) ) |¢ = cos? [ 0,5 arccos [ ———— (x2 + y?)'/a
Y ay\ 2um ’ [xZ ¥ y2 ’ [x? + 2 y
0 X X
u,, = A—|sin| 0,5 arccos | ——— C — cos? (0,5 arccos (—)) xZ+y2
- ax< ( (\/xz +y2)>>( Jx? +y? ) Y

d x X
+A—(| € — cos? <0,5 arccos <7)> Yx2 + y2) sin(0,5 arccos (7))
dx [x2 + y? [x2 + y2

We have :

X

—0,5y cos (0,5 arccos (: )

a (. 05 x x2+4y?2 {
5<sm< ,5arccos (Jx2+y2>)) = ez e

3
(x2+y2)%

a X 4
= <<C — cos? (0,5 arccos (x2—+y2>)> Vx? + yz) =
Uy,
0,5y cosi#i0,5 arccos(%)) X
=—A VEHY C — cos? (0,5 arccos <—>> YxZ+y2

x2 + y? [xZ + y2

Aysin (0,5 arccos (J%W)) cos (0,5 arccos <\/x+w>> + 0,5x (C — cos? (0,5 arccos (#)))
3
(<2 +y2)¢

+ sin(0,5 arccos (

Either in cylindrical coordinates :
_—0,5siniB) cosii0,5 ) (C — cos?(0,50)) + sin(0,56) (—sinifB)sin(0,50) cos(0,56) + 0,5¢cosi)(C — cos?(0,50)))

Uy x \/F

After simplification :

Uy, = —%F [sin(0,50)(C — cos2(0,56)) — sin?(#) sin(0,56)]

Annex 11 : Calculation of the stress field at the crack tip

Calcul de o,

X
W)

—ysin| 0,5 arccos —= | )cos| 0,5 arccos | —=2— | |+0,5x| c—cos?| 0,5 arccos | ——
x2+y2 x2+y2 x2+y2

X
m))
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v
Oy = 2U [ux‘x + m(ux_x + uy‘y)] - ﬁAT
Taking into account the partial derivatives of the displacement in appendix | and replacing A, B and C by their expressions, we have:
K
Opy = m [(1—v) cos(0.50)(1 — 2v + sin?(0.50) — sin?(8)) + v[cos(0.58) (2 — 2v — cos2(0.50))
+ 0.5sin(20) sin(0.560)]] — BAT
K;

——————|v(c0s(0.50) (2 — 2v — c0s%(0.58)) + 0.5 sin(26) sin(0.56

= 2yyvay L (cos050)( (0.56)) (26) sin(0.56))
+ (1 —v) cos(0.50) (sin?(0.50) + cos?(6) — 2v)| — BAT
[v(2 c0s(0.58) — 2v cos(0.50) — cos3(0.56) + 0.5sin(26) sin(0.56))

JXX

T = A~ 2vznr
+ (1 —v) c0s(0.58) (sin?(0.58) + cos?(8) — 2v)] — BAT

K;
————————[2vc05(0.58) — 2v? c0s(0.58) — vcos3(0.58) + 0.5 sin(26) sin(0.50)

ax = (1 - 2v)2rr
+ (1 —v) cos(0.50) (sin?(0.50) + cos?(0) — 2v)] — BAT

K,
! [2vc0s(0.50) — 2v? c0s(0.58) — vcos3(0.58) + 0.5 sin(20) sin(0.58) — v cos(0.58) sin®(0.56)

Opy = ————
(1 -2v)V2nr
— v c0s(0.58) cos?(0) + 2v? cos(0.50) + cos(0.50)sin?(0.56) + cosif0.5)cos?(8) — 2vcosi{0.56)] — BAT

After grouping terms by terms and simplification, we obtain:

K; 3
Opy = ——————[—vc0s3(0.58) + 0.5vsin(26) sin(0.50) + cos(0.58) sin?(0.58) + cos(0.58) cos?(0
a —ZV)W[ (0.50) (26) sin(0.50) (0.50) (0.50) (0.50) )
— v ¢0s(0.50) 5in?(0.58) — v c0s(0.58) cos?(6)] — BAT

Calculation of @,
v
gyy = 2U [uy_y + 12y (uy‘y + uxyx)] — fAT
K;
g,, = ——————[vcos(0.50)(1 — 2v + sin%(0.50) — sin?(0)) + (1 — v)[cos(0.50) (2 — 2v — cos2(0.50
vy (1_21/)\/2—”[ 0.56)( (0.56) ) +( )[cos(0.50) ( (0.59))
+ 0.5sin(20) sin(0.56)]] — BAT

Oyy = ﬁm [v c0s(0.50) (5in?(0.50) + cos?(6) — 2v)

+ (1 =) (cos(0.50) (2 — 2v — c0s%(0.560)) + 0.55in(26) sin(0.560))| — BAT

oyy = a ZK)\/_ [v cos(0.50) (sin?(0.58) + cos?(8) — 2v)
- 2v
+ (1 —v)(2c0s(0.58) — 2vcos(0.58) — cos3(0.58) + 0.5sin(26) sin{0.56))] — BAT
K,

0,, = ———[v c0s(0.58) sin?(0.56) + vv cos(0.56) cos?(0) — 2v? cos(0.56
Yy (1_2v)\/2—m[ (0.56) sin*(0.50) (0.56) 6 (0.56)
+ (1 =v)(2c0s(0.50) — 2v c0s(0.58) — c0s3(0.50) + 0.5sin(26) si n(0.56))] — BAT
After grouping terms by terms and simplification, we obtain:

i ,
0,, = —————[2¢05(0.58) — cos3(0.58) + vcos3(0.50) + v cos(0.50) sin%(0.50) + v cos(0.50) cos?(8) — 4v cos(0.50
= ZV)W[ (0.56) (0.56) (0.56) (0.56) (0.56) (0.56) ) (0.56)
+ 0.5 (1 —v)sin(26) sin(0.50)] — BAT

Calculation of o,
Oyy (ux y T Uy, x)

o ———[5in(0.56)(B + sin?(0.50)) + sin(8) cos(8) cos(0.58)] + sin(0.50)(C — cos?(0.50)) — sin?(8) sin(0.50)| — BAT

Yy 2\/_

After simplification, we have :

K;
Oy = sin(0) cosii.56
xy Zm ( ) ( )
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